A Fast Singly Diagonally Implicit Runge—Kutta
Method for Solving 1D Unsteady
Convection-Diffusion Equations

Xiangfan Piao, Hyun-Jung Choi, Sang Dong Kim, Philsu Kim
Department of Mathematics, Kyungpook National University, Daegu 702-701, Korea

Received 5 July 2013; accepted 3 October 2013
Published online 18 November 2013 in Wiley Online Library (wileyonlinelibrary.com,).
DOI 10.1002/num.21832

In this article, a fast singly diagonally implicit Runge—Kutta method is designed to solve unsteady one-
dimensional convection diffusion equations. We use a three point compact finite difference approximation
for the spatial discretization and also a three-stage singly diagonally implicit Runge—Kutta (RK) method
for the temporal discretization. In particular, a formulation evaluating the boundary values assigned to the
internal stages for the RK method is derived so that a phenomenon of the order of the reduction for the
convergence does not occur. The proposed scheme not only has fourth-order accuracy in both space and time
variables but also is computationally efficient, requiring only a linear matrix solver for a tridiagonal matrix
system. It is also shown that the proposed scheme is unconditionally stable and suitable for stiff problems.
Several numerical examples are solved by the new scheme and the numerical efficiency and superiority
of it are compared with the numerical results obtained by other methods in the literature.  © 2013 Wiley
Periodicals, Inc. Numer Methods Partial Differential Eq 30: 788-812, 2014
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. INTRODUCTION

In this article, we consider the following unsteady one-dimensional (1D) convection-diffusion
equation

U, + au, = Puy,, ((x,t) € (xp,xg) x (0,T], (1.1)
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with the following initial and boundary conditions:

u(x,0) =¢x), xe€lxr,xzrl, (1.2)
M(XL,I) = gl(t)7 M(.XR,I) = gZ(I)’ re (0’ T]a (13)

where u(x,t) represents a scalar variable which is convected in the x-direction with constant
velocity and is spread with constant diffusivity 8 > 0, « is an arbitrary constant (setting @ = 0
leads to the usual heat equation) and ¢ is given a sufficiently smooth function. Here, we assume
that g, (¢) and g,(¢) are given sufficiently smooth nonconstant functions.

The convection-diffusion equation is one of the most important models in various physical
systems. It describes convection and diffusion of quantities such as mass, heat, energy, vortic-
ity, and so forth.(see e.g., [1-5]). Developing stable and effective numerical methods with high
accuracy for solving the Eq. (1.1) is very important because an analytical solution of the problem
(1.1)—(1.3) can be obtained only with special initial and boundary conditions. These subjects are
the main purpose of this work.

In the last decade, many authors have introduced finite difference methods to solve Eq. (1.1).
Among these methods, the Crank—Nicolson method (CNM) is known as the most widely used
and popular one, which is based on the classical trapezoidal formula for integration in time and
the central difference formula for spatial discretization. It is well-known that the CNM is uncon-
ditionally stable, but has only a second order of accurate in both time and space. Hence, it is
necessary to develop a computationally efficient method with high accuracy.

The application of compact finite difference methods for the discretization of the spatial vari-
ables of the problem (1.1) has attracted recent interest. It achieves high spatial accuracy with a
small stencil (see e.g., [6-12]). As a high-order method, Ding and Zhang [7] developed a differ-
ent scheme using semidiscrete and Padé approximation methods for the temporal variable and
a polynomial compact difference discretization for the spatial variable outlined in [9]. It has a
fourth-order convergence rate in both time and space and is unconditionally stable. However, the
fourth-order compact formula [7] is a lower resolution scheme. Therefore, it is not suitable to
solve convection-dominated problems (see e.g., [12, 13]). Tian and Yu [14] introduced a high-
order exponential (HOE) method for solving (1.1) which uses the (2,2) Padé approximation to
the exponential function for the temporal variable and the fourth-order compact finite difference
formula [12] for the spatial variable. The HOE scheme turned out to be not only uncondition-
ally stable but also have a fourth-order convergence rate in both time and space. Most recently,
by using a rational approximation for the exponential function outlined in [15] instead of (2,2)
Padé approximation, the authors [16] improved efficiently the HOE scheme requiring only a
liner matrix solver for a tridiagonal matrix system. However, two methods aforementioned are
not suitable to solve (1.1) with nonconstant boundary conditions. In the case of the nonconstant
boundary conditions, Mohebbi and Dehghan [17] introduced a high-order accurate method based
on a fourth-order compact finite difference approximation for the spatial variable and a cubic
C!'-spline collocation method (CSCM) for the temporal variable. It is an A-stable method and has
fourth-order accuracy in both spatial and temporal variables. Both (2,2) Padé approximation [12]
and the cubic CSCM [17] require a costly matrix solver for either complex tridiagonal systems
or quadratic polynomial systems consisting of tridiagonal matrices.

The primary goal of this article is to construct a fast singly diagonally implicit Runge—Kutta
(FSDIRK) method which has a high-order accuracy and does not require such a costly solver for
complex tridiagonal systems as in the (2,2) Padé approximation [12] and the cubic CSCM [17].
These objects can be obtained by applying a three point compact finite difference scheme for the
space variable and a three-stage singly diagonally implicit Runge—Kutta (SDIRK) method for the
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temporal variable. In particular, we develop a technique calculating the unknown boundary condi-
tions assigned to the internal stages for the SDIRK method which does not lead such phenomenon
of the order of the reduction for the convergence occurring in most methods of lines for the case
of stiff boundary conditions. It is proved that the scheme has a fourth-order convergence in both
spatial and temporal variables and is unconditionally stable. Furthermore, the whole algorithm of
the FSDIRK method requires only a fast linear solver for tridiagonal matrix systems.

This article is organized as follows. In Section II, we review and clarify the three point fourth-
order compact finite difference scheme for the spatial derivatives developed by [14]. In Section
III, we review the three-stage SDIRK method and derive a formula that can be used to evaluate
the unknown boundary conditions assigned to the internal stages of the RK method. In Section
IV, a high-order FSDIRK scheme for solving (1.1) is derived using the results of Section II and
Section III. The concrete analysis of convergence and stability is described in Section V and VI,
respectively. Several test problems are solved in Section VII to give numerical evidence for the
theoretical analysis. Also, we show the efficiency of the proposed method by comparing it with
other existing methods. Finally, we close the article by summarizing the results in Section VIII.

Il. A FOURTH-ORDER COMPACT FINITE DIFFERENCE SCHEME

Several different techniques for deriving a fourth-order compact finite difference scheme can be
found in many literature. For example, see [5, 8, 12, 14, 17] and references therein. In this section,
we review and clarify the three point fourth-order compact finite difference scheme for the spatial
derivatives of (1.1) developed by [14], recently. For a positive integer n, let h = *2==L denote the

n

step size for spatial variable x and & for the step size of temporal variable. Then, we define

xizxL+ihs i=091’29"'sn5
t;j=jk, j=0,1,2,---.
We consider the following two-point boundary value problem in each subdomain [x; 1, x; 4]

G(=12-,n—1)

{_ﬂuxx +O”/lx = f’ X € (-xi—l’xi+l)9 (21)

w(xi—) =ui—, u(Xip1) = Uiy,

where f is a sufficiently smooth function of x. Then, by the Green function method (see e.g.,
[18, 19]), the solution of (2.1) can be expressed by

U(x) = 1 (Ditiy + @2Vt + / " GG fdn, 22)

Xi—1

where ¢;(x) and ¢,(x) are two solutions of the equation —B¢,, + a@, = 0 that satisfy the
boundary conditions

pxi—1) =1, @) =0

and
oxi—1) =0, @) =1,
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respectively, and G (x, n) is the Green function of the problem

—Buy +ou, =0, x € (xi—1,Xi41),
u(xi—1) =0, wu(xiy) =0.

By some manipulation, one can find the explicit forms of ¢;(x)(j = 1,2) and G(x,n) as
follows (see e.g., [20]):

1 —epCi eh O 1 oo, n<x
X)) =——g— »E@)=—p—— G, n)=—-— ’ ’
: T : A _ 1 W |eime(x), x <n,
2.3)
where the Wronskian W (1) is given by
ae%(ﬂfxi)
W(T]) = &, _a,° (24)
e’ —e B

a,; —1
Evaluating ¢;(x)(j = 1,2) at the point x;, we get ¢(x;) = (1 +e_ﬁh) and ¢,(x;) =
a, —1
1+ eﬁh) . Hence, by (2.3), (2.4), and a change of variables, the Eq. (2.2) gives

Ui Uit 1 ["f1—e ' %t
ue) = — g o (g n + ahﬂaﬁ—o dt.
14+e # 14e? @Jo \1+e ? 14 e?
(2.5)
Let §, f; and 82 f; be the standard second-order central differential operators defined by
i - i— i -2 i i— .
8xfi::f(x+l) fx 1), 52f = S i) =21 () + [ 1) P12 n—1.
2h h?
(2.6)
Then, by the Taylor’s expansion for f about x = x;, one can easily check that
hz
Scfi = [f'(x) + gf@(xi) +O0MY), 8 fi=f"(x)+ O0Mm. 2.7

These asymptotic behaviors in (2.7) leads to the following lemma.

Lemma 2.1.  The central differential operators 8, f; and §* f; satisfy the following relation

fm) = flx)+ 0 —x)d fi

)2 B) (.
+ %rﬁﬁ + ! 6(XI)('7 —xie)(M —x)( — X)) + OY), 1 € (Xi—1,Xi41).

Proof. Since the Taylor’s expansion of f(n) about x; is given by

f@n) = fxi)+ f’(x,-)(n —Xi)

(n xi)’

+ () ———— fm() +O0MY, ne@inxa), (2.8)
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combining (2.8) with (2.7) leads to

B) (.
Fn) = f(x,>+<8 f~——f(”(x )) (n—x) + 8, (” SO ;x')(n—xi)3+0(h4)
3) (4.
= f(x)+ 8. fi(n— x,)+62fl(n 2 + ! ;x')(n—x,-><<n—x,~)2—h2)+0(h4)

which yields the required relation by the fact ( — x;)> — A% = (n — x;1) (9 — x;41). O
Note that

a

l—e B ef' -1 ah ath—1) . at
— T T, = 2 sech —cosh———=sinh—
1+e B 1+e? 28 28 2B
l—e B ef' -1 alh—2t)  ah
—a; T, = 1 — cosh———=sech —,
14+¢ % 14 e#f 28 2B’

Also, by a direct integration and the Taylor’s expansion, one may see that

/ 1—e*
0 1—|—e

Hence, combining (2.5) with Lemma 2.1 leads to

hdt = +%h

1+e 7

miz mm

h j:,31—ei% iahz Lo,
al—l—ei% B 48

Ui Uit

1 +e_%h 1 +e%h

u(x;) =

ath—1) . at

+ : / h Qfi + (t — h)*8%f;)sech ahcosh sinh
- i - i vy mn——
a Jo x 28 28 28

FOx)
6

+ ((t — )8 f + 1t — h)(t — 2h))

h— 2t h
X 1—coshusecha— dt + O(h®)
28 28
i— i h h2
= ey Ay (htanh( )ﬁ—i—Sﬁ( 'Btanh—a——)
14+e# l4+es" « 2p 28 2

g [ —3ns + 6+h2<3>2 tanh "%
B B 28

82 f;

o 602
6hﬂ3tanhh—a
TARCON WANEIVION 2 6
—_—— o). 2.9
* 6 4 o? o’ + O 29
Since the Taylor’s expansion of tanh x is given by
o2 1T 62x? .
tanhx = x — — +0(x),

3 715 315 ' 2835
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by dividing (2.9) by gtanh% and rearranging the results, we get
—a5fui +oadu; = fi +aid, fi + az&%fi + O(h"). (2.10)
where
__ah ho _ B—a _BB—a) K
a = 700&]%, a) = T, a, ‘= T + g (211)
When o = 0, the first equation of (2.1) reduces to
—Bu = f. (2.12)
The fourth-order Pad € approximation for the second-order derivative gives
82
(), = —5—u; + O(h*). (2.13)
1 ’I—ZSE

Substituting (2.13) into (2.12) leads to

2
—B8%u; = (1 + %55) fi + 0(h"). (2.14)

Combining (2.10) with (2.14) and omitting the truncation error, a generalized three-point
fourth-order compact finite difference formulation for the problem (2.1) can be obtained by

(—ad? + adu; = (1 +a;8, + a:8?) f;, (2.15)
where
@eothl, o #£0, b o 0, Bla L 2 g 20,
a:= A a =14 ¢ a = 2" 6
B, a=0, 0, a=0, T =0.
(2.16)
|

lll. IMPLICIT RUNGE-KUTTA METHOD

It is well-known that a direct usage of the SDIRK method for solving an initial boundary value
problem leads to unknown boundary conditions assigned to the internal stages. In the method of
lines, these conditions yield a phenomenon of the reduction of convergence order for the case of
a stiff boundary condition. The aim of this section is to develop a formulation that can be used to
determine the unknown boundary conditions for the internal stages by clarifying some properties
of SDIRK. We consider an autonomous equation

y(@) = fiy@) (3.1
and for its discretization, we consider the three stage RK method with Butcher array

c|l A

e (3.2)
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where

1 T
T .
¢c=[c, 03] = [r,E,I —r} ,

; 1 1 1 !
b = [b,b2,b5]" = 5.1 — 2 5|
6(1 —2r) 31 =2r)" 6(1 —2r)
r 0 0
A= (a;) = % —-r r 0 3.3)
2r 1—4r r

with r = % + */Ticos(%). Then, we recall the three-stage fourth-order SDIRK for solving (3.1)
stated as

K’=f<ym+kZaUKJ>’ i=1,2,3,

j=1
3

Ymit = yu+ kY biKi, (3.4)

i=1

where y,, is the approximation of y(¢) at time #,, and k is a fixed time step size. By the Taylor’s
expansion of f(y,, +k Z’j:] a;;K ;) about y,, , one may rewrite K; of (3.4) by

i k2 k%
Ki=f (ym +kZa,»_,»Kj) =f+kXf, + Exffyy + gxffyyy +0@(kY, i=1,2,3,

j=1

3.5
where all the functions in the right hand side are evaluated at the point y,, and
j=1
From the above two relations (3.5) and (3.6), we have the following lemma.
Lemma 3.1. The quantity X; defined by (3.6) satisfy the following relation
1
X = fe+kff, Ac + k* (ff_fAzc + EfzfyyAcz> + O(k%), (3.7)

where X = [Xl,Xz,X3]T and Cz = [C%7C§’C§]T'

Proof. By combining (3.6) with (3.5) and using the identity Z;Zl a;j =c;(i =1,2,3), one
may have

k2
X = fe+ ki AX + - 1, AX + 0. (3.8)
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Plugging the whole expression (3.8) back in for X and removing terms of truncation order
O k%), one get

2
X = fet kA + K AX) + 5 fry PAC + 06)
2
= fe+kffyAc+ K f1 A (fe) + %fyyszcz + 0Kk,

which gives the required expression (3.7).L1
From (3.3), we can easily check that

AD, =¢;, i=1,23,

where 1 denotes the vector defined by 1 := [1, 1, 117. Thus, by combining (3.7) with (3.5), we
have the following Corollary. L]

Corollary 3.2. The internal stages K; defined by (3.4) satisfy the following expression
2 2 ¢ 2
Ki=f+k(AD,f, f +k (Ac)ifyf+5fyyf

3
+k* ((Azc)ifjf + (%(Acz)i + Ci(AC)i> fyfyyf2 + %fyyny) + 0("4)’ i=1,2,3,
3.9)

where (a); denotes the i-th component of a vector a.
The Corollary 3.2 gives the following lemma.

Lemma 3.3. Assume that f is a linear function defined by f(y) = Ay with a constant A and
{ym} is the approximation solution of (3.1) with a fourth-order convergence. Then, there are a
relation between the solution of (3.1) and the internal stages K; such that

Ki =y (tn) + k(AD;Y" (1) + (A1), 3V (1) + E(ADyP (1) + 0", i =1,2,3.
(3.10)

Proof. Substituting (3.9) into the first equation of (3.4) and using the linearity of f, we get

i 2
Ki=fOw) +k)_ay (f +k(AD; i f + 1 ((Ac)jjg?f + %’fyyfz» + 0k

j=1

= fOu) HAF()Y ay + (1)) ay (A1),

j=1 j=1
i i 2
+1e (f(fff) Y ay(Ao); + f(fuf) Zlai,%) + 0. 3.11)

j=1
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Since the local truncation error between y,, and y(z,) is O (k®) and
i a;j = (Al);, Z a;j(A1); = (A1), Z a;j(Ac); = (A’¢);,
j=1 j=1 j=1
the equation of (3.11) can be simplified by
Ki = f(ym) +k(AD,; f(f) + (A D, f(f, f)
+E ((AZC)if(f}?f) + %(Ac%if(fyyfz)) + Ok
= V' (tn) + ky" (1) (AL); + 2y (1,) (A1), + O (k). (3.12)
Now, by substituting (3.12) into the first equation of (3.4) and using the definition of f, we get

K= f (ym Y ay (3 (1) + k(1) (AD); + k2y<3><zm><A21>,)) + 0"

j=1

=V () FKF G @)) D + K F G 1) Y aij (AL,

j=l1 j=1

+E LGP D a (A1), + 0K

j=1

= ¥ (tn) + k(AL Y" (1) + K (A1), (1) + £ (A1), P (1) + O (KY),

which completes the proof. |

IV. THE PROPOSED METHOD

In this section, we will derive a new fast method for solving (1.1) based on the methods described
in the previous two sections. We start to discretize the Eq. (1.1) in space to obtain a system of
ordinary differential equations with unknown functions at each spatial grid point. Replacing f in
(2.15) by —u, leads to the following relation:

(& + 2V - Za o+ (4 = XY
n2 " 2n) ! h n: o 2n) !
a a , 2a , a a ,
_ (h_i . j) (1) + (1 - h—j) W (1) + (h—z + j) W, (1), (4.1
where

l/l,(t) ZM()C,',I), u:(t)zlftl(xl’t)

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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For simplicity of discussions, let us define two operators 54 and & as follows:

6Au(>—(ﬁ—;’—h),l(r>+( Yo+ (54 ) uo

dutill (a + g ) i + (35 = 57 ) winile 4.2
Ui (t) = T ui—1(t) — M() 7 o Uiy (2). 4.2)

Then, the Eq. (4.1) can be simplified as
(SAM:(t)Z(SBMI(t), l:1,2, ’n_l (43)

For a discretization for the temporal variable, we apply the three-stage fourth-order SDIRK
described by (3.4) to (4.3). Then, one may have

[
84Kii = s (u:" +k2al,-1<,-,,-), =123, i=12--.n-1

j=

3

W =ul' kY biK;, i=0,1,-.n, “.4)
j=1

where u!* denotes an approximation of u(x;, #,). Note that the boundary values assigned to the

internal stages K;;(j = 1,2,3,i = 0,n) in (4.4) are not specified, which leads to an order of

reduction usually and nonunique solution. That is, there needs to specify these boundaries so that

the classical order of the RK method is retrieved. Based on Lemma 3.3, we use the following

boundary conditions for internal stage:

4
(K10, K20, Ksol" := Y k7' (t) A1 (4.5)
j=1
and
4
(K1 Ko K3al" =D kgl (6,) A1, (4.6)
j=1
where g;k)(t) (j = 1,2) denote the k-th derivative of g;(¢) with respect to ¢. Further, to avoid the
difficulty of the derivatives and keep the same accuracy of convergence order, we will use the
Lagrange interpolation polynomials with six CGL points in [, #,,+1] for the functions g, (¢) and
8>(t) instead of the derivatives of g; (j = 1,2) in the formula (4.5) and (4.6).

For a convenience, we give a detailed implementation of (4.4) and its solvability in the
following. Let A and B be (n — 1) x (n — 1) tridiagonal matrices defined by

ay a 2612 ay ay

a
A:=t ___’1__?_ N1 s B_t _’_____ P} 4'7
" |:h2 2h h* " h? - 2h:|nl " |:h2 2h° W2’ h? 2hi|nl @D

where tri [cy, 2, c3],_; denotes the (n — 1) x (n — 1) tridiagonal matrix whose each row contains
the values cy, ¢,, and c; on its subdiagonal, diagonal, and superdiagonal, respectively. Then from
(4.2), (4.5), and (4.6), the system of (4.4) can be rewritten by

i—1
(A—krB)K; =B (U’" +kZa,-,,f<,> +R;, =123, (4.8)

j=1

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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where
Kt = [Ki,liKi,Za"' ’Ki,rl—l]T’ Um = [urln»urzn’ »u:lf]]T7 Ri = [Ri,l»()?"' 505 Ri,Z]Ty

Ry = (ZZ o ) <g1([m) —i—kZa” ]0> — (% — ;—;l) Ko,

j=1
o (o 55) (w00 14 k) - (- )

The solvability of the systems of (4.8) follows from the next lemma.

Lemma4.1. Letr =5 + cos( 5) - Then, for the tridiagonal matrices A and B defined by
(4.7), the tridiagonal matrlx (A krB) is nonsingular.

Proof. From (2.16) and (4.7), setting « = 0 leads to

12 W6 ' k12 K2

4.9)

A—krB:tri|:l _ﬁkr 5 2Bkr 1 ,8kri|

whose eigenvalues can be calculated as follows (see e.g., [21]):

T

2Bk 1 k
pkr 2 pkr os—, j=1,---,n—1.

A= — —

76 h? 12 R

One may easily check that each eigenvalue 2 ; is larger than < at least and therefore the matrix
A — krB given by (4.9) is nonsingular. Now, we consider the case o # 0. In the case, due to the
inequality £cothé > 1,£& € (—oo, 00)(see e.g., [S]), the quantities a and a, defined by (2.16) can
be estimated by

_ah  hy _ ah _BB-a) KR

From (2.16) and (4.7), the eigenvalues of the tridiagonal matrix A — krB are given by [21]

N ] 2a, n 2akr +2\/Zcosnj A a, akr 2 a n akr\? 1
i=1—-—=4+ — —, === - |=+—), =1,---,n.
J R n o on T 2n J

4.11)

For the case A < 0, each eigenvalue A ; can be written as A; = x; +iy; and hence from (4.10),
one can estimated x; as follows:

2a, 2akr 2 2Bkr 2
— 4+ >C > =,
h? h> —3 h? 3

xj=1-

For the case A > 0, if one use the fact

a n akr\? a, akr -2 ]
- =+ — — - — <
2h 2h h? h? ’

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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one can easily estimate each eigenvalue in (4.11) as follows:

2a, 2akr
)\._,’>1—<?— 2 )-2

1

a, akr .
>§, j=1---,n—1.

h? h?

Hence, one can find that all eigenvalues of A — krB are not zero in any cases and hence A —krB
is nonsingular. ]

Based on Lemma 4.1, after solving the systems (4.8), one can calculate approximations ”:'Hl

for the solution u(#;, x,,+1) uniquely from the second equations of (4.4). Note that since A — krB
is a tridiagonal matrix, the systems of (4.8) can be solved by many efficient linear solver such as
Thomas’ algorithm. Hence, one can see that O(n) operation count is enough to solve the system
(4.8). Combining (4.4) with (4.8), one may define the following FSDIRK method for solving the
Egs. (1.1)-(1.3) as

3
U =U"+k ) bK; (4.12)

j=1

The proposed new scheme can be summarized as follows:
ALGORITHM FSDIRK (¢, g1, g2, ¢, B, x1, Xg, h, k, 1y, T)
1. Remark: The algorithm FSDIRK based on the relations (4.8) and (4.12) is capable for solv-

ing the 1D unsteady convection-diffusion Eqs. (1.1)—(1.3). The values of the approximate
solution are printed at each time level.

2. Generate the uniform spatial grid nodes vectorx = [x; + h,x; 4+ 2h,--- ,xg — 2h,xg — h]",
compute the initial solution, U° = ¢ (x) and construct tridiagonal matrices A and B defined
by (4.7).

3. Let h =1t + k.

4. If t; > T, then exit.

5. Compute the vectors R; defined by (4.8)

6. Solve the following tridiagonal linear systems

i—1
(A —krB)K; =B <U° +kZai,jf<j> +R;,, i=12,3,
j=1

where a; ; are defined by (3.3).
7. Calculate

3
U =U0"+k) bK,

j=1
where b; are defined by (3.3).

Print ¢, and U'.
. Set ty := t; and U’ := U' and then go to step 3.

\© %
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V. CONVERGENCE ANALYSIS

In this section, we will give a concrete analysis for the convergence of the new scheme (4.12). We
begin this section with the convergence analysis of the discretization of the temporal variables.

For the solution u; (t)(i = 1,2,--- ,n — 1) of (4.3), let us define a (n — 1) x 1 vector-valued
function V(¢) by V(#) := [u (), u(t), -+ ,u,_ (")]". Then, the system (4.3) can be written as
V() = AT BV() + Q1)) (5.1

where Q(1) isa (n — 1) x 1 vector-valued function defined by
QD) =10:(1).0,+,0. 001",
010 = (35 +5-) a0 = (55 = 57) 810
0:() = (35 = 37) 0 = (35 + 37) &40 (5:2)
Also, we have the following lemma.

Lemma 5.1. The column vectors R; and Q(t) defined by (4.8) and (5.2), respectively, are related
in the following form

4—i i

RAT)'b = U i =0,1,2,3 53

(A7) i@ ) =013, (53)
j=1 ’

where b and A are defined by (3.3) and R is a matrix defined by R := [R;, Ry, R3].

Proof. First we consider the product [R, 1, Ry, R ](.AT)ib. Then, from (4.5) and (4.6), the
definition of R;;(j = 1,2, 3) defined by (4.8) directly gives

a

[Rig: oo R JATYD = (5 + 2h)Zkf U (1,0b" A1

The definitions of b and A defined by (3.3) directly lead to

. 1
T Api H—
b A1 = TEETE =0,1,2,3. (5.5

Substituting (5.5) into (5.4) and rearranging the result, we get

4-i

[Rur. Ry, Ry JAT b= 3 K ((5+5) 8 "= (5 -5) " ). 56
J

— (i + ! h?

Numerical Methods for Partial Differential Equations DOI 10.1002/num



SDIRK METHOD FOR UNSTEADY CONVECTION-DIFFUSION EQUATIONS 801

Finally, combining (5.6) with the definition of Q,(¢) defined by (5.2), one can get

4-i

[Ri1, Ro, Ry 1(AT)'D = Z( — ),Qif (1), (5.7)
Similarly, we have the following relation

[Ri2, R Ri2l(AT)'D = i( — )'Q“ Y (t). (5.8)
Thus, by (5.7) with (5.8), the Eq. (5.3) is valid. [ ]

Note that one can simplify the first equation of (4.4) and the Eq. (4.12) in terms of a
multiplication of matrices as follows:

K =A"'"BO" + kA"'BKA” + A"'R (5.9)
and
U™t = U" + kKb, (5.10)
where K and @™ are matrices defined by
K=K, K, K;], ©":=[U",U",U"].
Based on Lemma 5.1 and the Eq. (5.9), one may have the following lemma.
Lemma 5.2. For the solution u;(t) of the system (4.3), we assume that the equalities u}' =
ui(ty),i =0,1,--- ,narevalid. Then, the approximation solution U™ of (4.12) has the following
local truncation error
U™ = V(t,h) + OK). (5.11)
Proof. From the identity (5.5), one can check that a straightforward calculation gives

1
i+ D!

@"(A")'b = U", i=0,1,2,3,4 (5.12)
Hence, the Eqs. (5.9) and (5.3) give

BK(A”)'b = BA™ ( 0" (A")'b + R(AT)'b + kBK(AT) b )

4—
_ -1
=ba ((l—i-l)' Z

j—l

Q(’ D (1) + kBK(AT) b ) 0<i<4
(5.13)
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This recurrence relation (5.13) directly gives

1 S | 2
BKA'b =BA™'| —BU" + U=D(t,) + kBA™' [ =BU" + VDt
(z! ;(jJrl)!Q () 31 ;(Hz)zQ (n)
1 1
+kBA™! <EBU”’ + EQ(:,,,)))) + 0(k%) (5.14)

Rearranging the summation in the right hand side of (5.14) and using (5.1), one can get

3 j—1

BKA"b = Z (jk+ 1)!va(rm) + 0. (5.15)

From the Egs. (5.3) and (5.12), substituting (5.9) into (5.10) and rearranging the result lead to

Um+1 =Um +kA—l BUm+ tm +
Q) Z( D)

Q<”(tm)) +kK*A"'BKA’b.  (5.16)

Combining (5.16) with (5.15), we get

3

Ut = U + kAT (BU” + Q1) + Z

=1

A HQV (1) + BV (1)) + O (K)

(5.17)
Differentiating (5.1) and combining the results with (5.17), the Taylor’s expansion of V(¢,, +k)
att, gives
V( ) tm
U= Z Yol 4 06 = Vit + 06
J!
j=0

which complete the proof. ]

Lemma 5.2 gives only the truncation error for the approximation of the interior values and
hence it is required to estimate the truncation error for those of the boundary values, which is
performed in the next lemma.

Lemma 5.3. For the solution u;(t) of the system (4.3), we assume that the equalities u!" =

u;(t,),i = 0,1,---,n are valid. Then, the approximation solutions u;"“(i =0,1,---,n)
obtained by (4.12) has the following local truncation error

W —ui(t,) = O(K), i=0,n. (5.18)
Proof. First, consider the case i =0. Combining the second equation of (4.4) and (4.5) yields
m+1 m T J oW T fi-1
Ul = ul' + kb'[K o, Ky, K30l = ul' + Zk (t,)bT A7 7'1. (5.19)
j=1
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By a direct calculation, one see that
T pj—1 1 .
b" A1 = 7 j=1,2,3,4. (5.20)

Hence, by substituting (5.20) into (5.19) and using the Taylor’s expansion of g,(¢) at f,, , we
get

4 4 W

7
ur = 2:&(%) Zf““)wzgmm+m+0%5

which shows that the relation (5.18) is valid in the case i=0. Similarly, one can show that the
relation (5.18) is valid in the case i=n. [ ]

Combining (2.10) and (2.14) with the previous two Lemma 5.2 and 5.3, one can prove the
following convergence theorem of the proposed method (4.12).

Theorem 5.4. The approximated solution u,f”“ obtained by using the proposed method (4.12)
for (1.1) has the order of convergence O (h*,k*).

VI. STABILITY ANALYSIS

In this section, we will give a concrete analysis of the stability for the new scheme (4.12). For the
stability analysis, we consider the problem (1.1) with homogenous boundary conditions. Before
proceeding with the discussion of the stability, we see the following results which can be proved
by similar procedures of Lemma 4.1.

Corollary 6.1. The tridiagonal matrices A and B defined in (4.7) are nonsingular:
From Corollary 6.1 and (4.8), one may check that the homogeneous boundary conditions leads
to the values of the internal stages as follows.

R S
' I—krC
1
cO+w<5—m>c)
KZZ 2 Um’
(I — krC)
k
 CA+KC((1 —4rT+ = (1 4 2r(7r —4))C))
K, = 2 v, ©.1)

(I — krC)°?

where I is the (n — 1) x (n — 1) identity matrix and C = A~'B. Hence, combining (4.12) with
(6.1) and simplifying the results, one may check that the proposed algorithm (4.12) becomes

Ut = R(kC)U", m >0, (6.2)
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where R(2) is a rational function defined by

12(1 = 2r) + z(12(1 + r(6r — 5)) + 6z(1 — 2r(4 — 9r + 6r?))
+22(1 +2r(=5 4+ 6r(r — DH2r —3))))
12(1 = 21)(1 = rz)?

R(z) = (6.3)

Let C := QA Q7! be the eigenvalue decomposition of C and A = diag [\, - - , A,_1] the diag-
onal matrix, where X; are the eigenvalues of C = A~'B. Then, by the mathematical induction,
one can write the Eq. (6.2) as

Um+1 — Q(R(A))m+] Q—IUO’ m > O, (64)
which converges only if
IR <1, (6.5)

where 7 = k) and X is arbitrary eigenvalue of C = A~'B. To show the validity of the inequality
(6.5), we recall the following lemma proved by Tian and Yu [14].

Lemma 6.2. All eigenvalue of the matrix A~'B are real and less than zero.
Hence, by Lemma 6.2, we show that the relation (6.5) is valid in the following lemma.

Lemma 6.3. For an eigenvalue ) of C = A~'B and z = kA , the relation (6.5) is valid.

Proof. Let6, = 12(1 — 2r) 4+ z(12(1 + r(6r — 5)) 4+ 6z(1 — 2r (4 — 9r + 6r?)) + 2>(1 +
2r(=5+6r(r —1)2r —3))))and 6, = 12(1 — 2r)(1 — rz)3. Then, some manipulation give
0; — 0} = —2887 + (5765 + 864s)z* — (24s + 480s” + 1296s° + 1008s*)z’
+ (125 4 204s% + 720s> + 1044s* 4+ 5765°)z* + Asz® — Bz®, s =2r — 1,
A=6—6s — 1265> — 324s> — 360s* — 162s°,
B =147s+ 195>+ 21s° — 65* — 425> — 455° — 185”. (6.6)

By the definition of r defined by (4.4), one can get the relation 3s* = 3s + 1. Hence, the
quantities A and B in (6.6) can be simplified as follows.

167 116
A:—6(95+86«/§cos%+60005%) <0, B:—T—44\/§cosllg— TCOS% < 0.

Thus, for any negative eigenvalue A < 0, each term in the right hand side of the equation
67 — 6?7 in (6.6) is positive and hence one may have 67 — 67 > 0 for all 1 < 0, which shows the
relation (6.4) is valid. [ ]

Lemma 6.3 gives the following theorem.

Theorem 6.4. The proposed method (4.12) is unconditionally stable.
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TABLE I. Temporal errors and convergence rates for solving Example 7.1 with a fixed spatial step size
h=0.001atr=1.

k Erry(k, h) Corder Erroo(k,h) Corder
15 1.45¢-005 - 1.43e-005 -
% 1.12¢-006 37 1.15¢-006 3.6
% 7.59¢-008 3.9 8.13¢-008 3.8
% 4.92e-009 3.9 5.39¢-009 39
5 3.13¢-010 4 3.47¢-010 4
o 2.00e-011 4 2.21e-011 4

Lo
¥}
=

Vil. NUMERICAL EXPERIMENTS

In this section, we present the numerical results of the proposed method on several problems. We
performed our computations in Matlab R2011b software on a Intel(R) Core(TM) i7-2630QM
CPU 2.00 GHz with 8.00 GB of memory. To show the accuracy of the proposed method, the
global discrete norms of L?>— and L*°— errors defined by

N+1
Erryt,h) = |hY (T, x) —u;)’, Erre(t.h) =max, [u(T.x) —ul,  (7.1)
i=0

respectively, are measured and the rate of convergence C.q.; 1S calculated by

E ,2h Err,2t,h
Emnp@2h) o Cone = log(E2 @01

Cor er — 1
d og( Err,(t,h) Err,(t,h)

), (7.2)

where p = 2,00. Here u(T, x;) and u; denote the exact solution and the numerical approxima-
tion to the model problem at x = x;,t = T, respectively. To show the efficiency of the proposed
method, we compare the present method with two existing methods, namely the CNM and the
cubic CSCM [17]. For each method, the CPU time (in second) needed to get numerical results
with a similar error bound is measured. Because the CSCM requires a matrix solver for a quadratic
matrix polynomial consisting of tridiagonal matrices, we adopt the complex tridiagonal matrix
solver to get the numerical results for the CSCM as efficiently as possible.

Example 7.1. Consider the following convection-diffusion model

2—‘[‘(t,x) = 0.01%(1‘,x — S—Z(t,x), (t,x) € (0,00) x [0,2]
u(0,x) =sin(x), x €[0,2]

whose analytic solution is given by u(¢, x) = exp(—0.01¢)sin(x — #)(see e.g., [17]).

The boundary conditions of nonhomogeneous type are obtained from the exact solution and
the problem is solved on the time interval [1]. Table I shows the temporal discrete norms of L>—
and L* errors and the convergence rate, whenever we fix the spatial step size as # = 0.001 and
choose different temporal step sizes k = %, n = 10,20, - --,320. Whereas, Table II reports the
spatial discrete norms of L?— and L>®— errors and the convergence rate with the fixed temporal
step size k = 0.001 and different spatial step sizes h = %, n = 10, 20,40, 80, 160. The numerical
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TABLE II. Spatial errors and convergence rates for solving Example 7.1 with a fixed temporal step size
k =0.001 at t=1.

h Erry(k,h) Corder Erreo(k,h) Corder
- 1.95¢-005 - 2.95¢-005 -
= 1.97e-006 33 2.99¢-006 33
= 1.55e-007 3.7 2.33e-007 3.7
= 1.04e-008 3.9 1.57¢-008 39
= 6.64¢-010 4 9.99¢-010 4

=y

TABLE III. Comparisons among CNM, CSCM([17]), and the proposed method for solving Example 7.1.

Method CNM CSCM Proposed method
(k,h) (2711’2711) (2711’276) (276’276)
Erry(k,h) 5.95e-8 3.40e-8 3.48e-8
Erroo(k, h) 5.79e-8 3.28e-8 4.40e-8

cpu 0.84 0.303 0.0589
(k,h) (2714,2714) (2711’2711) (277’278)
Erry(k,h) 9.02¢-10 6.53¢-10 6.74e-10
Erreo(k, h) 8.90e-10 7.59-10 6.46¢-10

cpu 48.7 2.1 0.0513

results listed in both Tables I and II achieve the expected fourth-order accuracy in both temporal
and spatial variables.

Table III shows the CPU times needed to get a similar error bound for the three methods, CNM,
CSCM, and the proposed method, in which the step sizes (k, i) are chosen so that similar error
bounds are obtained. One can see that the CSCM requires more smaller CPU time than the CNM
to get similar discrete norms of L*- and L2-error bounds, whereas the proposed method is about
40-fold faster than the CSCM in this example.

Example 7.2. Consider the following convection-diffusion equation

u(0,x) = exp(—(x;‘;’)z), x €[0,2]

{%(r,x) = L4t x) — a2 (t,x), (1.x) € (0,2) x [0,2]

whose analytic solution is given by u(z, x) = ﬁexp(—%)(see e.g., [22]).

TABLE IV. Temporal errors and convergence rates for solving Example 7.2 with a fixed spatial step size
h =0.001 and parameters o = 0.25, 8 =0.01 at time 7 =2.

k Erry(k,h) Corder Erroo(k, h) Corder
i 1.78¢-004 - 2.73e-004 -
= 1.38¢-005 3.7 2.19¢-005 3.6
» 9.55¢-007 3.9 1.54¢-006 3.8
& 6.26e-008 3.9 1.01e-007 39
= 4.03¢-009 4 6.56¢-009 4
P 2.81e-010 3.8 4.66e-010 3.8

)
%3
=N
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TABLE V. Temporal errors and convergence rates for solving Example 7.2 with a fixed spatial step size
h =0.001 and parameters « = 0.25, 8 =0.001 at time # =2.

k Erry(k,h) Corder Erroo(k,h) Corder
3 1.02e-002 - 2.98e-002 -

+ 1.33e-003 2.9 3.84e-003 3

5 1.12e-004 3.6 3.22e-004 3.6
= 7.79e-006 3.8 2.24e-005 3.8
o 5.12e-007 3.9 1.49¢-006 3.9
4 4.15e-008 3.6 1.29e-007 3.5

)
%3
=N

TABLE VI. Temporal errors and convergence rates for solving Example 7.2 with a fixed spatial step size
h =0.0001 and parameters o« = 0.25, 8 =0.0001 at time 7 =2.

k Erry(k,h) Corder Erroo(k, h) Corder
3 6.17e-002 - 2.78e-001 -
= 3.05e-002 1 1.43e-001 0.96
= 8.22¢-003 1.9 4.04e-002 1.8
= 1.06e-003 3 5.28¢-003 2.9
o= 8.21e-005 3.7 4.17e-004 3.7
= 5.43e-006 3.9 2.77¢-005 39

)
L
=N

This problem has a Gaussian pulse whose sharpness is growing up as the ratio % is increas-
ing and the problem is solved on the time interval [0,2] with the fixed parameter « = 0.25. In
three Tables IV-VI, we calculate the convergence rates for the temporal variables with different

parameters 8 = 0.01,0.001,0.0001 and different temporal step sizes k = L n=3,4,...8.

From the numerical results, one can see that a smaller spatial step size & iszrequired to get the
fourth-order accuracy when the problem has a sharp Gaussian pulse.

To show a numerical efficiency, the problem is solved with the fixed parameter 8 = 0.0001
at time # =2 and three methods CNM, CSCM, and the proposed method. Table VII shows their
global discrete norms of L?- and L>°— errors and the required CPU time to get numerical solutions

of Example 7.2. One can see that the proposed method is most efficient among three methods.

Example 7.3. Consider the following convection-diffusion problem which has steep boundary
layers near the right boundary

TABLE VII. Comparisons among CNM, CSCM[17], and the proposed method for solving Example 7.2
with « = 0.25, 8 =0.0001.

Method CNM CSCM Proposed method
(k,/’t) (2712’2712) (2710,2710) (2710,2—10)
Erry(k,h) 5.74e-5 6.76e-6 7.36e-6
Erroo(k, h) 2.78e-4 3.80e-5 4.14e-5

cpu 7.4 2.28 0.829
(k,h) (2714,2714) (271272712) (2710’2710)
Erry(k,h) 3.59-6 2.64e-8 3.15¢-8
Erroo(k,h) 1.74e-5 1.49e-7 1.77e-7

cpu 176 17.9 11.8

Numerical Methods for Partial Differential Equations DOI 10.1002/num



808 PIAO ET AL.

CSCM Present

u(t,x)

FIG.1. Comparisons of numerical solutions using CNM, CSCM [17], and the proposed scheme for solving
Example 7.3 with k = & = 0.1 and = 10~*. [Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

W) = p P (x) — 2(t,x), (1,x) € (0,1) x [0,1]
u0,x)=0, xe(,1)
u(,0=0, u@,1)=1,tr>0.

The analytical solution of this problem is given by (see e.g., [14])

Xy _q 00 1\k
Wt 3) = exp(u) +Z(( Dk
k=0

ex ((x _ 1)sin(krwc)ex <—((k71)2 + L) t)
xp(;) — 1 km)* + # P 2u P BT 2 :

In this example, we let © = 1.0e —4. Solution surfaces are shown in Figs. 1 and 2 with different
space grid sizes 4~ = 0.1 and 2 = 0.01. Note that the results computed by the present scheme are
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Exact

-
—
—

u(t,x)

Present

u(t,x)

FIG.2. Comparisons of numerical solutions using CNM, CSCM [17], and the proposed scheme for solving
Example 7.3 with k = 0.1, = 0.01 and « = 10™*. [Color figure can be viewed in the online issue, which
is available at wileyonlinelibrary.com.]

in full agreement with exact solutions with without nonphysical oscillation. However, both CNS
and CSCM [17] produce the results with nonphysical oscillations.

Example 7.4. Consider the following nonlinear convection-diffusion equation

%—”t’(t,x) = ,ugi—g(t,x) - u(t,x)g—Z(t,x), (t,x) € (0,1) x [0, 1]
u(0,x) =sin(wrx), x € (0,1)
u(,0)=0, wu@,1)=0,r>0.
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p=1.00e-003 u=1.00e-005
1 - - 1 . .
0.9 0.9t
0.8 0.8f
—T=0.2
0.7 0.7t T=0.6
—T=1.0
0.6 06} |—T=2.0
505 505
0.4 0.4}
0.3 0.3
0.2 0.2
04 0.1}
0% . 4 0 . . + .
0 0.2 0.4 06 0.8 1 0 0.2 0.4 06 0.8 1
X X
u=1.00e-007 u=1.00e-009
1 1
0.9 pa 0.9f
0.8} g 1 0.8¢
—T=0.2 ? | —T=0.2
0.7 T=06 : ! 0.7} T=0.6
—T=1.0 —T=1.0
0.6F |—T=2.0 1 06F | —T=20
305 P 305 /
04 3 0.4F
0.3 i 0.3r
0.2 / 0.2}
0.1 / 0.1r
0 (il
0 0.2 0.4 06 0.8 1 0 0.2 0.4 06 08 1
x X

FIG.3. Comparisons of numerical solutions using the proposed scheme for solving Example 7.4 with fixed
h = 0.02 and k = 0.05 when varying the parameter . [Color figure can be viewed in the online issue,
which is available at wileyonlinelibrary.com.]

which is the well-known Burgers equation and its analytic solution given by(see e.g., [14])

>, exp(—n27t2ut)ln(ﬁ)nsin N x

u(t,x) =4n = .
(# %) F ) + 25, exp(— i) I, (- )cosnx

where I,(x)(n =0, 1,2, ---) are the modified Bessel function of first kind.
To solve the problem, instead of the original problem, we consider the following linearized
Burgers’ equation with constant coefficient

W,x) = 4 0) — " () (0, x),0 < x < Lty <1<ty
u(t,,x) =u"(x), xe€(0,1)
u,0)=0, u(t,1)=0,t, <t <t,4.
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TABLE VIII. Two errors Err, (k, h), Erry (k, h) between the exact solution and the numerical solution for
example 7.4 with fixed # = 0.02,k = 0.05, and u = 1072

T Tian and Yu[14] Proposed method
Erry(k,h) Erroo(k,h) Erry(k,h) Erroo(k, h)

0.2 0.01461 0.03937 0.01476 0.03909

0.6 0.01393 0.02204 0.01238 0.03269

1.0 0.01060 0.02394 0.01061 0.02209

2.0 0.00507 0.00833 0.00512 0.00833

This is the convection-diffusion type equation, which can be solved by the proposed scheme.
Computations, using the proposed scheme, are implemented for varying the parameter p on uni-
form grids of sizes h = 0.02 with time step size k = 0.05. Figure 3 shows the numerical solutions
at different times for © = 107,107,107 and « = 107°. It is observed the proposed scheme
demonstrates the correct physical behavior for different p. In Table VIII, we estimate two errors
Erry(k,h) and Erre(k,h) for the numerical solution obtained by the present scheme and the
method of Tian and Yu [14] with the fixed step sizes &~ = 0.02,k = 0.05 and the parameter
w= 1072 at different times 7 = 0.2,0.6, 1.0, 2.0. One may see that two methods have a similar
performance.

Vill. CONCLUSIONS

The proposed FSDIRK method is designed to solve unsteady 1D convection-diffusion Eq. (1.1).
We combine a three point fourth-order compact finite difference scheme for the spatial variable
and a three-stage SDIRK method for the temporal variable. Also, a formulation evaluating the
boundary values assigned to the internal stages for the SDIRK method is derived, which does not
give a phenomenon of a reduction of the convergence order. The proposed scheme requires only
a linear solver for tridiagonal matrix systems, which can solve (1.1) more efficiently than using
many existing methods. It is proved that the method is unconditionally stable and has the fourth-
order accuracy in both space and time variables. Throughout several numerical experiments, we
give the numerical evidence for the convergence analysis in Theorem 5.4 and show the superiority
of the new method over existing methods: the CNM and a cubic C! spline collation method [17].

The authors would like to thank the anonymous referees who suggested many helpful comments
and corrections which improved this paper.
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